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COLOR SYMMETRY 
M. SENECHAL 
Department of Mathematics, Smith College, Northampton, MA 01063, U.S.A. 
AlmU'aet--Color symmetry, introduced by Shubnikov in the 1950's, has generated research in many areas 
of symmetry theory, including the enumeration of the subgroups of crystallographic groups. The basic 
ideas of color symmetry are simple, but they are subtle; many problems remain open, particularly the 
problem of classifying colored patterns. 
1. INTRODUCTION 
Although the roots of color symmetry can be traced to the 1920's, it really became a subject in 
the 1950's with the work of Shubnikov on antisymmetry. Shubnikov's theory, though closely 
related to applications in crystal physics, quickly took on an independent life of its own, as it 
became clear that black-white colorings of symmetric patterns represented an important general- 
ization of the concept of symmetry. The obvious next step in this generalization was to extend it 
to more than two colors, and the pioneering work of Belov and his colleagues pointed the way. 
(Several important papers, in English translation, are collected in Ref. [1].) At about the same 
time, the work of the Dutch graphic artist Escher came to the attention of scientists in Holland, 
and people became fascinated by the possibility of subjecting his colored tilings to mathematical 
analysis [2]. 
Thus began what we might call the enthusiastic stage of the development of the theory, during 
which colored patterns of various types, on the sphere and in the plane, were considered and 
attempts were made to classify them. Now, over thirty years later, having also passed through the 
computational nd skeptical stages, we are in a new generalization stage, which may be less 
enthusiastic than the first one but which seems in some ways to be more purposeful. The Shubnikov 
symposium provided a welcome occasion to review some of the central ideas of color symmetry, 
to see where they have led us, and to suggest possible future applications. 
The basic problem has always been to classify symmetrically colored symmetrical patterns. In 
all cases of which I am aware, it has been recognized that a meaningful classification must involve 
two attributes, the symmetry group G of the uncolored pattern and a finite group P of color 
permutations. Opinion has been, and still is, divided on how strong the link between G and P 
should be, for example whether every symmetry operation n G should be associated with a unique 
color permutation [Fig. l(a)], or whether only a subgroup which acts transitively on the pattern 
{o) {b] (c] 
Fig. 1. The symmetry group G ofthe uncolored checkerboard is f type p4m, and P is a group of order 
2 generated by the permutation which reverses black and white. (a) Every symmetry operation either 
reverses the colors or permutes them. (b) Not every symmetry, operation is associated with a color 
permutation: a 90 ° rotation about 0 carries some black squares to black, others to white. However there 
is a p4m subgroup of G whose elements are all associated with permutations. (c) In this pattern, the 
coloring is random, and there is no well-defined correspondence between symmetry operations and color 
permutations. 
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need have this property [Fig. l(b)], or even whether there need be any relation between G and P 
at all: perhaps all the symmetries should be allowed to permute the colors one way in one part 
of the pattern and another way somewhere lse [Fig. l(c)]. But there is no need to debate this 
question. Obviously we want to consider as broad a class of patterns as possible; the problem is 
to find unambiguous classification schemes that predict a finite number of classes. 
The case that has been studied most is, not surprisingly, the most restrictive one. I will discuss 
this case first because it is highly developed, and because it has led to some very interesting 
problems and results. Then I will outline other developments. For a broader survey of the history, 
theory and applications of the entire field of color symmetry, I recommend Schwarzenberger's 
lengthy review [3]. 
Like symmetry itself, color symmetry has two aspects, algebraic and geometric; thus we will first 
consider color groups, and then colored patterns. 
2. COLOR GROUPS 
We begin by reviewing the analysis of the most restrictive classification of colored patterns, when 
every operation in G is associated with a unique color permutation. (A pattern colored in this way 
is said to be perfectly colored.) The first question to ask is, what exactly is the relation between 
G and P? The solution, first proposed by van der Waerden and Burckhardt [4], is very simple; we 
can deduce the entire theory from Belov's three-coloring of the tiling of the plane by regular 
hexagons (Fig. 2). The symmetry group G of this pattern is type p6m. Let us denote the colors 
of the tiles by b (black), d (dotted) and w (white). It is easy to see that this pattern satisfies our 
requirement. Take, for example, the six-fold rotation about the center of any tile, say a tile of color 
b. This rotation rotates all the tiles of color b onto tiles of the same color, while every tile of color 
d is rotated to a tile of color w, and vice versa. Or consider any point where three hexagons meet. 
The three-fold rotation effects a cyclic permutation of the three colors: after rotation all the tiles 
of one color occupy the positions of all the tiles of a second color, and all the files of the second 
color occupy the positions of all the tiles of the third color. Translations which map tiles onto 
adjacent iles also effect well-defined cyclic permutations, and so forth. Thus we can verify that 
every symmetry operation is associated with an element of $3, the group of permutations of three 
objects. Moreover, the product of two symmetry operations i clearly associated with the product 
of the corresponding permutations. The "association" is thus a homomorphism ¢ from G into $3, 
and G together with its image ¢ (G) = P _ $3 is called a color group. 
To compute this image, we first recall that with every homomorphism ¢ is associated its kernel, 
the (normal) subgroup K of G which ~ maps to the identity. In our example, K is the set of elements 
of G which map the tiles of color b onto each other, the tiles of color d onto each other, and 
(consequently) the tiles of color w onto each other. By inspecting Fig. 2, we see that K consists 
Fig. 2. Belov's perfectly 3-colored pattern of the tiling of the plane by regular hexagons. The elements 
of G which map the set of tiles with color b onto itself form a subgroup H; these tiles are an orbit 
of H. 
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of the rotations through 120 and 240 ° about the centers of the hexagons, reflections which bisect 
the hexagon edges, and certain translations; it is a subgroup of type p3m 1, of index 6 in G. 
Knowing K is useful because the permutation group P is isomorphic to G/K. But K does not 
help us determine how the homomorphism works, that is, it does not tell us ¢ (g), the permutation 
pg associated with any given element g of G. For this we look instead at the possibly larger set 
of elements of G which map tiles of color b (say) onto themselves but may (or may not) interchange 
colors d and w. These elements form a subgroup H, which may properly contain K or may coincide 
with it (when there are only two colors, H = K necessarily). In our example, H contains, in addition 
to the elements of K, rotations through all multiples of 60 ° about the color b hexagons' centers, 
and the two-fold rotations about the midpoints of the edges between hexagons of colors d and w. 
We see that it is a p6m subgroup of index 3 in G. 
Now let g~ be an element of G which maps tiles of color b to tiles of color d, and g2 any element 
which maps tiles of color b to tiles of color w. Then gl # g2 and neither is in H. It is easy to show 
that the set of elements of G which map tiles of color b to tiles of color d is precisely the set of 
elements {g~h: h ~ H}, this is the left coset gill. Similarly the set of elements of G which map tiles 
of color b to tiles of color w is the left coset g: H. Since every element of G either fixes color b 
or maps it to d or to w, we have 
G = H UgIH Ug~H. (1) 
So it is natural to associate the colors b, d, w with the 3 left cosets of H in G. Moreover, for any 
g in G, the sets gH, gg, H, and gg2H are again cosets, and so must correspond to a reordering of 
H, g~H and g2H. In this way we associate g with a permutation of the three colors. It is instructive 
to trace the permutations through Fig. 2. 
Thus a color group can be thought of as an ordered pair of groups, G and P, with elements (g, Ps) 
and termwise multiplication, determined by a symmetry group G and a subgroup H of any finite 
index k. As described above, we write G as a union of left cosets of H and assign a color to each 
coset. Then each element of G is associated with a permutation of the k cosets as shown above, 
and thus with a permutation of the k colors. That's all there is to it. 
However, despite its conceptual simplicity, the theory of color groups has turned out to be rather 
confusing to many people. There seem to be several reasons for this. First of all, from the point 
of view of group theory, it makes no difference whether we write G as a union of left cosets of 
H or of right cosets of H, as long as we consistently multiply left cosets on the left, or right on 
the right, to obtain the permutations. But from the point of view of colored patterns, there is a 
big difference between right and left cosets. If x is a point, then Hx = {hx, h ~ H} is its orbit under 
H, and gH is the image of that orbit under g. Thus the set of left cosets represents one orbit of 
H and its images under the elements of G; this is why, when the cosets are assigned colors, a 
symmetry operation ot only is associated with a color permutation, its action effects one. On the 
other hand, Hgx is the orbit, under H, of the point gx. Thus the right cosets represent different 
Fig. 3. The three orbits of H, indicated by colors. Because H is not normal in G, the orbits are not 
congruent. 
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Fig. 4. Two perfect colorings of the hexagonal pattern of Fig. 2, corresponding to different choices of 
H-orbit. 
orbits of H, which in general are not congruent. (Only if H is a normal subgroup of G, in which 
case right cosets are also left cosets, will the results be the same.) Figure 3 shows what Fig. 2 would 
look like if we had colored the orbits of H. The difference is striking! Notice that not only do some 
elements of G not correspond to well-defined permutations, but also two of the three orbits do not 
include whole hexagons! Figure 4 shows the perfect coloring corresponding to the other possible 
choices of orbit. 
We find colorings by right cosets (as well as by left cosets) in some of the early papers in color 
symmetry theory. For example, Wittke and Garrido used right cosets to color their patterns [5]. 
Did they simply make a mistake? Although their patterns are not perfectly colored, perhaps there 
is a broader theory that encompasses them and other "imperfect" colorings (see, for example, Ref. 
[6]). I suggest hat we try to find a special place for them through a more thorough study of the 
orbits of subgroups. Although subgroup orbits are important in various contexts and  great deal 
is known about them, they do not seem to have been studied in a systematic way. It would not 
be difficult and might prove very useful and interesting. 
A second cause of confusion has been that in the van der Waerden-Burckhardt approach the 
emphasis is placed entirely on G and H. P is relegated to an auxiliary role, since it is completely 
determined by G and H. We could, however, begin with G and P and ask what Hs and Ks are 
compatible with them in some appropriate sense. This approach as been developed in the Soviet 
Union (see, for example Refs [7, 8]). 
Notation presents a third problem. A color group is completely specified by the symbol (G, H), 
but not by (G, P) or by (G, K) because these symbols are ambiguous. Different Hs can correspond 
to the same P, or to the same K, but P and K are determined by G and H, so they can be omitted 
from the symbol. But even (G, H) doesn't convey as much information as it appears to, since the 
description of H (as a set of elements of G) may be quite complicated. This symbol, like most 
notations, has worthy competitors; but it would take us too far afield to discuss them here. 
Finally, the enumeration problem has also caused some confusion. This is not only because it
is easy to make mistakes in counting color groups, but also because different definitions of 
equivalence are both possible and reasonable. Also, classifying color groups is one thing, and 
classifying colored patterns another. It is important, when reading the literature, to try to determine 
precisely the classification schemes used by the author, and what he or she is actually classifying. 
This is not always clear. 
3. FURTHER DEVELOPMENTS 
If we are given a pattern with discrete symmetry group G and wish to find all possible perfect 
k-colorings, then as a first step we need to find all subgroups of G of every possible index k. This 
can be done if G is finite (see, for example, Ref. [9]) but an infinite crystallographic group has 
subgroups of arbitrarily large index. Even the enumeration of subgroups of relatively small index 
(now complete) was not easy or straightforward, because when color groups began to be studied, 
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it was found that the existing methods of determining subgroups were not well suited to this 
problem. Until hen, the subgroups of space groups were tabulated inchains of maximal subgroups; 
this was justified by Hermann's theorem, which states that every subgroup of G is a class-equivalent 
subgroup of a translation-equivalent subgroup. It is not easy, using the tables, to find all the 
subgroups of a given index, especially those which are neither class-equivalent nor translation- 
equivalent. The problem of color symmetry motivated the successful search for a simple algorithm 
[10]. Wieting has used it to compute the k-color groups, k ~< 60, corresponding to the 17 plane 
crystallographic groups [11]; in the last few years Peter Engel has made extensive tables of the 
subgroups of the three-dimensional crystallographic groups [12]. 
We see that, in the van der Waerden-Burckhardt approach, the color group roblem is the 
subgroup roblem. The importance of subgroups in crystallography is well known to everyone here: 
it is central not only in color symmetry but in representation theory, "the in theory of phase 
transitions, and in the comparative study of crystal structures. But there are other, less well known 
applications that might also be mentioned. 
Subgroups help us understand tilings of space forms, which are manifolds obtained by 
identifying certain points in Euclidean space. For example, we make a cylinder by rolling up the 
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Fig. 5. (a) A tiling of the plane by equilateral triangles; G =p6m. The translation vector t = (6, 6) generates 
a subgroup F of G. (b) We obtain a tessellated cylinder by identifying the points of the orbits of F. The 
normalizer of Fin O is a cram subgroup C. The symmetry group of the patterned cylinder is C/F. Choosing 
H to be a translation equivalent cm subgroup of C, we obtain the colored cylindrical tiling whose color 
group is (C/F, H/F). 
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Fig. 6. The hexagons can be grouped into larger and larger tiles with hexagonal symmetry. 
Euclidean plane, that is, by identifing the points of the orbits of a subgroup F of the Euclidean 
group E(2) generated by a single translation vector t. If the plane is endowed with a pattern with 
symmetry group G and if F ~ G, we obtain a patterned cylinder whose symmetry group is the 
quotient group N¢(F)/F, where N~(F) is the normalizer of F in G. If H is a subgroup of G which 
contains F and is itself contained in N~(F), then (N~(F)/F, H/F) is a color symmetry group for 
the cylinder (Fig. 5). In this way we obtain discrete cylindrical patterns, colored and uncolored, 
crystallographic and non-crystallographic [13]; they are of importance in the study of biological 
molecules and highly anisotropic rystals. This procedure applies to other surfaces as well. For 
example, we create a torus by joining the ends of a finite cylinder or, more precisely, by identifying 
points of the orbits of a subgroup F of type p 1. A plane pattern with symmetry group G becomes 
a patterned torus with symmetry group (N~(F)/F, H/F). 
There is another, very different application of subgroup theory, and thus color symmetry, in the 
field of computer science. In a series of papers, Holroyd has considered the problem of designing 
addressing systems for the storage of digital data transmitted from a surface (such as a plane) by 
a remote sensing apparatus. (See, for example, Ref. [14].) Holroyd begins with a transitive tiling 
T of Euclidean space, that is, one in which the tiles form a single orbit for the symmetry group 
of T. He then defines an amalgamator A to be a mapping of T onto itself defined by grouping 
together a finite number of tiles in an appropriate way to create a new transitive tiling T~. The 
sequence of increasingly "larger" tilings T, T~ = A (T), T~ = A 2(T) . . . . .  then provides an address- 
ing system for the data. In Fig. 6 we see the beginnings such a sequence for the hexagonal tiling. 
The symmetry group of the second order filings is a subgroup of the group of the original tiling 
T. Thus the amalgamation procedure involves a sequence of subgroups, subject of course to 
geometric onstraints and others determined by the problem at hand. 
Finally, color symmetry is, a useful tool in teaching abstract group theory. By merely looking 
at perfectly colored patterns tudents can identify symmetry groups, subgroups and their cosets, 
determine which ones are normal subgroups, and find the corresponding permutation represent- 
ations of the group. Using color symmetry they can also gain valuable insight into conjugacy, group 
extensions, and other algebraic oncepts [15]. 
4. COLORED PATTERNS 
Unfortunately or perhaps fortunately, since it is a source of new and challenging problems, the 
theory of colored patterns is much more complicated than the theory of color groups. In the frst 
place, color group theory is applicabl e as it stands only to patterns in which the motifs have trivial 
site-symmetry, or, what is eut.ntlally the same thing in the case of filings, are fundamental regions 
for G. If our motifs have nontrivial symmetry and we wish them to have a single color, we must 
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Fig. 7. These colorings of an orbit of the dihedral group D4 have the same color group even though 
the motifs have trivial site-symmetry; they are different because the subgroup H = D I has two 
noncongruent orbits. (Adapted from Ref. [3].) 
require that H contain the site symmetry groups of the motifs in the orbit of H that we choose 
to color [16]. We can see this by reexamining Figs 2-4. For example, if we choose a white or dotted 
sector of Fig. 3 as our starting point for coloring the hexagonal tiling of Fig. 2, the subgroup H 
will not contain the symmetries of the corresponding hexagons and thus all our hexagons will be 
multicolored (Fig. 4). Patterns with multicolored motifs have been discussed by several authors, 
in particular Roth [17]. 
Notice again that the three colored patterns of Figs 2 and 4 are perfectly colored and have the 
same color group! Since H has three noncongruent orbits (Fig. 3), and since left cosets correspond 
to images of a single orbit, we expect three different patterns. Even if our motifs have trival 
symmetry, different colored patterns will correspond to the same color group (G, H) because it
is still possible for H to split the pattern into noncongruent orbits. Figure 7, adapted from Ref. 
[3], illustrates this problem nicely. 
These pictures show that color groups are not sufficient to classify even perfectly colored 
patterns. An even larger problem is: how can we classify patterns which are not perfectly colored? 
This has intrigued researchers since the early days of color symmetry, and several different 
approaches have been tried. One way is to consider, for any colored pattern, only the subgroup 
of its symmetries which do effect color permutations, and ignore everything else. Or we can increase 
the algebraic machinery to try to deal with the problem of local color variation. Or we can try 
to classify imperfectly colored patterns by some combination of algebraic and geometric riteria. 
The first method is straightforward but of limited interest. The second has been tried by several 
authors (see, for example, Koptsik (op. cit.) and also Ref. [3] for a discussion of this approach). 
The third is considered in detail by Griinbaum and Shephard in their recent book, Tilings and 
Patterns [18]. They propose a hierarchy of classifications for patterns and tilings, with and without 
colors. The basic idea is that two patterns hould be equivalent with respect o certain'attributes 
if there is a mapping of an appropriate sort from one to the other which preserves the relevant 
properties. Admittedly, that sounds rather vague and abstract, but in practice it is specific and 
precise. Let P~ and P2 be two transitive patterns, p~ and P2 self-mappings of these patterns, and 
/z a mapping of PI onto P:. Then, for appropriate p~, P2, and/z, P~ and P2 are equivalent if the 
diagram below commutes: 
PI 
"0t ~ ,°t 
P2 
For example, PI and P2 are the same pattern type if/~ is an invcrtible mapping of the motifs of 
Pj onto the motifs of P2 and if for any p~ in the symmetry group of P~, there is a P2 in the symmetry 
group of P2 such that P2 =/~P~#- ~. If/z is required to be a homcomorphism, then the patterns are 
homeomeric. If the motifs of P~ and P2 are colored and/z is a color-preserving homeomorphism, 
C.A,M.W.A. 16/~-N 
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then the colored patterns are homeochromatic, and so forth. The Grfinbaum-Shephard hierarchy 
provides a useful classification for patterns which, though not necessarily perfectly colored, still 
have reasonably large groups of color symmetries. 
The Shubnikov symposium brought ogether scientists who apply the theory of color symmetry 
in their work, as well as theoreticians who have been studying the general problem from different 
points of view. Through the lectures and discussions it became clear that the subject would benefit 
enormously from a subsequent symposium on color symmetry alone. Working together, the- 
oreticians and practitioners could analyze current problems and determine which new directions 
of theory and application merit further investigation. 
5. COLOR SYMMETRY AND SYMMETRY THEORY 
In addition to its many applications, color symmetry continues to play a role in the broader field 
of symmetry theory. Two of the most important challenges for symmetry theory today are to clarify 
the relation between local and global order, and to develop a satisfactory theory of aperiodic 
patterns. Color symmetry and the techniques that have been developed to study it may be useful 
in the solution of both these problems. 
Problem I 
An unsolved problem in statistical mechanics remains: why do crystals exist? How do local 
atomic forces determine a globally regular structure? In 1976 Delone and his colleagues posed and 
solved an abstract geometric version of this problem by showing that local regularity of a system 
of points, within a sphere of suitable radius, implies global regularity [19], Engel has adapted the 
theory to tilings of two- and three-dimensional space, with interesting results [20]. It is now possible 
to understand, for example, why a tiling of the plane defined by uniform local adjacency conditions 
always turns out to be globally transitive, and why a tiling of space may not. But these are the 
simplest cases. More complicated problems include developing local regularity criteria for other 
surfaces and structures, and for patterns in which there is more than one kind of motif. Read 
"color" for "kind", as a first approximation, and we have the question of the relation between local 
and global color symmetry. In their recent book, cited above, Grfinbaum and Shephard introduced 
"color adjacency symbols", which are extensions of the adjacency s mbols which they used in their 
enumeration of the transitive tilings of the plane. (These ymbols, in turn, are generalizations of 
Delone's ymbols, which appear in rudimentary form in Fedorov's work.) It would be interesting 
to know under what conditions color adjacency symbols do or do not define perfectly colored 
patterns. It would be even more interesting to see whether they lead us to meaningful c asses of 
imperfectly colored patterns. 
Problem 2 
The recent discovery of quasicrystals has heightened interest in nonperiodic patterns. The 
principal tool used to study them is, at the moment, the projection f higher dimensional periodic 
patterns onto irrational hyperplanes. But j st as Belov's projections of colored three-dimensional 
patterns [1] did not exhaust the theory f color symmetry in the plane, it is quite possible that the 
theory of nonperiodic tilings is much richer than the projection method suggests. In fact, the theory 
is in its infancy. All that we know now are some of the properties hared by some w ll known 
tilings, for example those of Penrose and Ammann (for a thorough discussion of these filings, see 
Ref. [18]). 
One property that forces a tiling to be nonperiodic is uniqueness of composition. This means 
that the tiles can be amalgamated, in only one way, into successively larger tiles which are similar 
to the original ones, and this procedure can be iterated indefinitely. It is important hat the 
amalgamation procedure be unique. Notice that the tiles in Fig. 6, which form a periodic pattern, 
can be grouped into the hexagonal "snowfl~es" in various ways. But if the procedure is unique, 
then the hierarchy is intrinsic to the tiling. In this case, the tiling cannot possess translation 
symmetry. For, no matter what translation length d we choose, there exists a tile somewhere in
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Fig. 8. A transitive tiling of equilateral triangles amalgamated into a nonperiodic one. (a) The tiles of the 
regular tiling by regular triangles can b¢ grouped into tiles consisting of six triangles, as shown. (b) The 
resulting tiling is nonperiodic because successive amalgamations are unique (adapted from Ref. [18]). (c) 
The next amalgamation. 
the hierarchy of successive amalgamations which contains a sphere of diameter d, and thus 
translation through this distance will not respect he tiling at that level. 
Tilings which have crystallographic symmetry groups are periodic, so at first it might appear that 
they have nothing to contribute to the theory of nonperiodic tilings. But it may not be irrelevant 
to study the amalgamations of periodic tilings in connection with e problem of nonperiodicity. 
Figure 8 shows a tiling of the plane by equilateral triangles which are amalgamated into nameless 
but congruent, well defined shapes. These shapes can, in turn, be amalgamated into successively 
larger copies of themselves, and in only one way. Thus the tiling, beginning at level 2, has no 
translational symmetry. It is possible that by generalizing Holroyd's work [14] we may learn 
something about the amalgamation process that will be useful in a broader theory of nonperiodic 
patterns. 
These are only some of the many contributions that color symmetry may make in the future. 
I hope that academician Shubnikov would have been pleased by the growth of this theory, its 
important ramifications and applications, and its potential for further development. 
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